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Abstract

The Dzjadyk-type theorem concerning the polynomial approximation of functions on a continuum
in the complex plané is generalized to the case of polynomial approximation of functions on a
compact set irfC which consists of a finite number of continua.
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1. Introduction

Let E ¢ C be a compact set with the connected complenfént= C \ E, where
C := C U {oo} is the extended complex plane. DenctéE) the class of all functions
that are continuous oR and analytic in the interior oE. The case of empty interior is
also considered. Lé?,, n € Ng := {0, 1,2, ...}, be the class of complex polynomials of
degree at most. For f € A(E) andn € Ny, define

En(f» E) = inf “f_Pn”E»
pnepn
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where|| - || denotes the supremum norm BnBy the Mergelyan theoref®, p. 339]:
lim E,(f,E)=0 (f € A(E)).
n— o0

The behaviorof, (f, E) is closely related to smoothness propertigsamid the geometrical
structure ofE. The most delicate part of this theory, known as Dzjadyk-type theorems,
concerns pointwise estimates of the behaviolfat) — p,(z)| on the boundary. := J0E

of E. We refer the reader {6,16,13,4Jand the many references therein for a comprehensive
survey of this subject. We would like to observe that the overwhelming majority of Dzjadyk-
type direct theorems are proved for the case whes a continuum, i.e.Q is simply
connected. The case wheéhis multiply connected is discussed only in a few papers (cf.
[10,11,14,15,9,3]). Each time the extension of a result from the case of a continuum to the
case of a compact set uses quite specific and non-trivial constructions.

In this paper we show how this extension can be accomplished by using well-known
Bernstein—Walsh lemma on the growth of a polynomial outside the compact set and the
Walsh theorem on polynomial approximation of a function analytic in a neighborhood of a
compact set with connected complement.

As a sample of a Dzjadyk-type theorem we use a recent result about simultaneous
approximation and interpolation of functions on continua in the complex p[ane
Theorem 1].

2. Main results

In the sequel we denote c1, ... positive constants (possibly different in different oc-
currences) that may depend on parameters inessential to the argument.

First, letE be a continuum (with the connected complem@nt= C \ E). The most
general continua, for which the direct Dzjadyk-type theorems can be proved, form the class
H* [1] which is defined as follows. We say thAte H if any two pointsz, { € E can be
joined by an arg(z, {) ¢ E whose lengthy(z, {)| satisfies the condition

17z Ol<clz =L, e=c(E)21. 2.1)

Let us compactify the domaif by prime ends in the Carathéodory sefs2]. Let Q be

this compactification, and let := Q \ Q. Suppose thaE € H, then all the prime ends

Z e L are of the first kind, i.e., they have singleton impressigfis= z € L. The circle
{E:1&—-zl=r},0<r < % diam(E), contains one arc or finitely many arcs, dividing

Q into two subdomains: an unbounded subdomain and a bounded subdomain sich that
can be defined by a chain of cross-cuts of the bounded subdomain; (z@¢denote the arc
whose unbounded subdomain is the largest for g&andr. Thus, the arg, (r) separates

the prime end from oco.

IfO <r <R < %diam(E), theny,(r) andy,(R) are the sides of the quadrilateral
Qz(r, R) C Qwhose other two sides are the partd ofetm z(r, R) be the module of this
guadrilateral, i.e., the module of the family of arcs that separate the:sidesandy,(R)
in Qz(r, R) [8, p. 133].
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We say thatF € H* if E € H and there exist = ¢(E) < % diam(E)andc1 = c1(E)
such that

Imz(lz =l o) —mz(z =, o)<c1 (2.2)

forany primeendg, Z e L with theirimpressions = |Z|, { = |Z| satisfyinglz—{| < c.

In particular, H* includes domains with quasiconformal boundary (& and the
classesB; of domains introduced by DzjadyK]. For a more detailed investigation of the
geometric meaning of conditions (2.1) and (2.2), [@e

We study functions defined by thdith modulus of continuityk € N := {1,2,...}).
There is a number of definitions of these moduli in the complex plane[{&de The
definition by Dyn’kin[7] is the simplest to explain. Set

D(z,0) :={(: |{—27|<d} (ze€C, o>0).
The quantity

01k, E(0) == SUPE_1(f, E N D(z, 0)),

zeE

where f € A(E), k € N, 6 > 0, is called thek-th modulus of continuitpf f onE. It is
known (cf.[16, Chapter 5]) that the behaviour of this modulusfoe H is essentially the
same as in the classical case of the inteat [—1, 1]. In particular,

a)f,k,g(tb‘)éctk cof,k,E(é) (t>1,0 > 0). (2.3)

Denotew = ®g(z) the function which map& conformally and univalently ontd :=
{w: |Jw| > 1} and is normalized by the conditions

P (00) = 00, P(c0) > 0.
Let
Lsp:={CeQ:[Pc)|=14+0} (6>0),

ps.p(z) :=dist(z, Ls p) = sup [z—{(| (z€C, d>0).

{eLsE

Theorem 1. Let E = U7, E; consist ofm € N disjoint continuak; € H*, f €
A(E), k € N,and letzy, ..., zy € E be distinct points. Then foranye N, n > N +k,
there exists a polynomial,, € P, such that

1f (@) = pn@I<c1opi e, (P1/ng; () (2 €TE;, j=1,....m),
pnz) = f(z) (I=1,...,N),

with ¢1 independent of n.

For j = 1, Theoreml is proved in[5, Theorem 1]. For j >1, the theorem extends the
results fron]10,11,9]to more general compact sets and new classes of functions. However,
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the main advantage of Theoréhis its relatively simple proof which follows immediately
from [5, Theorem 1], 2.3), the inequality

Pas.E; () Scps () (2 € JE;, 6 >0)

(se€[5, (2.1)]) and the following statement which is, in itself, of interest.

Theorem 2. Let E = U7, E; consist ofm € N, m>2, disjoint continuak;, f e
A(E), || flle<1,and letzs, ..., zy € E be distinct points. Let for any > ng € N and
j =1,...,mthere be a polynomigb, ; € PP, such that

1
[ fi(2) — pn,j(2)|<¢€j (;, z) (z € OE)),

pn ) = fi(z) (2 € Ej),

wheref; := f|g; istherestriction offtaZ;, and the functiom; (9, z), 0 < <1, z € JE},
satisfiesforany j = 1,...,mandz € 0E}, the properties:

(i) €;(0,z) is monotonically increasing ig;
(i)) lej(0, <L (0<do<D).

Then for any: € N, n > c1(ng + 1/d9) there exists a polynomiai, € P, such that

F@ = pu@I<e; () +eae™™ (@ OE, j=1,....m),
pn(Zl):f(Zl) (l:].,,N),

wherecy, k = 1,2, 3,4, depend only on E and the choice of poigs. .., zy.

3. Proof of Theorem 2

Denotegqn(z, 00), z € Q, the Green function d? with pole atoco (seg[17]). We extend
it continuously toE by settinggn(z, oo) = 0 forz € E, and consider sets

E, ={z€Q: ga(z,00) <r} (r>0).

Denoterg to be the maximal positive number such thatconsists of exactlyncomponents
for r <rg. We also introduce another geometric characteristi€ a$ follows:

Rp = max [[log|®g; ()l llgg-

SYAS

By the maximum principle for harmonic functions
Iog|¢E1(Z)|_gQ(Za OO) (jzlv"'sm)v
considered iff2, we have

re <Rg.
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Now, letj = 1, ..., m be fixed. Consider the function

o1 zekEy,
h-'(Z)'—{o, z€ E\E;j.

This function can be extended analytically Bp,.. Hence, by the Walsh approximation
theorem[17, pp. 75-76}there isuy = ug(E) € N, such that for any: >y there is a
polynomialq;,j e P, satisfying the inequality

— 2
Ihj —q e < e e,

Therefore, the polynomial

N
w(z)
i@ =q, @+ ) ————— (@) —qy @),
s =4O+ ) G M~ i
where
N
0@ =]]E-.
=1
is of degree at most m@x, N — 1). This polynomial foru > pg = uo(E, z1, ..., 2n8) >

uy + N — 1 satisfies the following conditions:

Ihj — qujlle <ce MEZ < e HES,

quj@) =hj@) (=1,...,N).

Let u > pg, v > ug(ng + 1/60). Consider the polynomial., . ; := py. jq, ; (of degree at
mostv + 1) and the functionf; := f h;.
Note that

Sviwj (@) = fi@) (=1.....N).
Moreover, forz € JE;, we obtain
[pv.j(@I<Ipr,j2) — fF@I+f@I<2
Therefore, for; € JE;, we have
1 75(@) = sv1, @1 < 1fj@) = Py j @1+ 1Py, j (D11 (2) — 4 (D]
gj <% z) + 27 HES3, (3.1)

N

Next, forz € 0Ex, k # j, by the Bernstein—Walsh lemma (§4€, p. 77]) we have

| f5(2) = Sy j @1 < vl — g jlle
< 20"RE-WE[3 L o= HE/4 (3.2)
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R
o= [12-‘%} +1,
r'e

where[a] denotes the integral part af
Let

m
Syp(@) =Y Supp (@)
j=1
Then
svip(z) = fz) (=1,...,N).
Forz € 0E;, according to (3.1) and (3.2),

1
[ f(2) = syru(@)] <¢j (5, z) + 2me—HrE/4,

Letn > c1(no + 1/d0), where
_ 3ug(re + 6REg)

re

c1:
We set

]
" l20rg +6RE) |’

Thenv + u<n,i.e., p, := sy, € P, and forz € 0E},
1
1@ = ()] < e (5, Z) P p—

2 _
<€ (? z) +cze 4",

with
R
c2=3 (1+ 6—E) ,
TE
c3=2m e3RE,
2REprg
4= —.
4 E Y 6Rg

This completes the proof of Theore2n
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